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Abstract. For perfectly elastic rubber-like materials, which are capable of undergoing extremely large deforma-
tions, the number of exact solutions remains limited, especially in the context of fully three-dimensional deforma-
tions. Here a simple exact solution describing the finite elastic eversion of a sector of a thick-walled incompressible
spherical shell is determined for the modified Varga elastic material. This new solution, which describes a portion
of a spherical shell being turned inside out, is deduced from a known simplified system and it is shown, by solving
the full equilibrium equations, that no further solutions of this type can be deduced for this particular material.
Further, a general family of response functions is considered, which involves an arbitraryzingies which
incorporates standard materials such as the neo-Hookean and Varga strain-energy functions. It is established that
other tham = 1 (namely the Varga material) only the special case 2 admits nontrivial solutions to the eversion
problem, but the resulting second-order highly nonlinear ordinary differential equation appears not to admit any
simple analytical solutions. Finally, the new solution is examined as a potential solution of the ‘snap-buckling’
problem of a spherical cap. Unfortunately, the solution appears not to be applicable to this problem and instead it
is presented in the specific context of the eversion of a thick-walled spherical cap, with no applied forces acting
on one of the surfaces of the deformed configuration.
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1. Introduction

For isotropic incompressible perfectly elastic materials, the governing equations for static
finite deformations are highly nonlinear, and, apart from the controllable deformations, there
exist only a limited number of known exact deformations, which apply to various restricted
forms of the strain-energy function. Moreover, the determination of fully three-dimensional
deformations, in contrast to plane strain deformations, presents additional difficulties. A num-
ber of exact axially symmetric and fully three-dimensional deformations are given in Hill
[1, 2] for a neo-Hookean elastic material, while Hill and Arrigo [3] and Arrigo and Hill [4]
present a number of new integrals and new exact solutions for axially symmetric deformations
of the Varga and modified Varga strain-energy functions. The results given in [3, 4] are utilized
in Hill and Arrigo [5] to solve the problem of the stability of a thick-walled spherical shell
which is subjected to external pressure. In this paper we also exploit the results given in [3, 4]
to determine a simple exact deformation applying to the problem of eversion of a thick-walled
spherical cap.

The neo-Hookean and Varga elastic materials have strain-energy functions, respectively,
given by

T =3u03+23+23-3), T =2u0a1+r+2z—3), (1.1)
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wherei; (i = 1, 2, 3) denote the principal stretches such that,A3 = 1 and uin both cases

is the usual linear elastic shear modulus. Both strain-energy functions are known to apply

over restricted ranges of deformation, but the neo-Hookean material is generally regarded as
a better model than the Varga material over a variety of deformations. The new exact solution

presented here applies to the so-called modified Varga material, which was first introduced in

[3], and has the strain-energy function

E:a()»1+)»2+)»3—3)+,3(i+i+i—3), (1.2)
A A2 A3

wherea and g are material constants such thet 8 = 2u. As shown in [5], the additional
material constant greatly improves the range of physical applicability over the single-term
Varga strain-energy functiofi.1),.

The problem of the ‘snap-buckling’ of a portion of a spherical cap is a familiar one and
here we examine the new solution as a potential solution of this problem. The ‘snap-buckling’
problem is particularly interesting, because the body can remain in a deformed state with no
applied forces acting. Even if we replace the requirement of point-wise vanishing of the stress,
by the requirement that the average forces are zero, we are unfortunately, unable to determine
the arbitrary constants in the new solution such that this is the case. Accordingly, we examine
the greatly simplified problem, where only one of spherical surfaces is stress-free. Itis at least
clear from this problem, that the case of the two spherical surfaces being stress-free is not
embodied in the new solution.

In this paper we consider a deformation describing a portion of a spherical shell being
turned inside out. Namely, we consider the axially symmetric eversion of a sector of a thick-
walled spherical shell, and in material and spatial spherical polar coordi(i€s, ®) and
(r, 6, ¢), respectively, we examine a deformation of the form

r=(—R¥+FfON3,  H=m-0©, ¢=0, (1.3)

where f () is a function of® only. In the following section we show that, although there are
no non-trivial f(®) for the neo-Hookean material, other than the controllable deformation
f(®) = constant, due to the Green and Shield [6], the modified Varga material with strain-
energy function (1.2) admits the simple solution

f(®) = k(cos B)~%2, (1.4)

wherek is a constant. This elegant simple result is derived by means of the integrals given
in [3, 4] and one objective of this work is to investigate the extent to which this solution
can be extended. In particular, we investigate if the modified Varga material admits a more
general exact solution perhaps involving further arbitrary constants. We also examine (1.3)
for a family of response functions (see Equation (4.1)) which are characterised by an index
n, which includes the neo-Hookean and Varga materials for the easesO andn = 1,
respectively. We are able to show that only the case 2 gives rise to nontrivialf (®),
except that in this case we are unable to integrate fully the resulting highly nonlinear ordinary
differential equation (see Equations (5.4) and (5.5)).

We emphasise that, in order to obtain tractable equations, we need to make certain as-
sumptions regarding the response coefficigatandg, which are defined by (2.5). The single
assumption (4.1) is the simplest which incorporates the standard materials (1.1) and yet enjoys
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certain analytical advantages for this particular problem. However, we note that in general
there appears to be no obvious ‘simple’ properly invaridiity, A», A3) which gives rise to

either of the expressions (4.2). But this does not necessarily mean that such strain-energy
functions do not exist, and we could, if necessary, deduce a properly invarigntl,) from

(2.5) and (2.8) and using (2.6) to exprdsanda as functions ofl; and/,, which are defined

by

1 1 1

_1. i (1.5)
MoA A3

I = A2+ 234 A3, I

The resulting expression would, however, involve the roots of a cubic and we do not investigate
such details here.

In the following section we state the basic governing equations for axially symmetric de-
formations of perfectly elastic materials. In addition, we establish there that the neo-Hookean
material does not admit any solutions f&(®) other thanf (®) = constant and we also derive
(1.4) for the modified Varga strain-energy function. In Section 3 we show from the general
equations that (1.4) is the most general solution applying to the modified Varga material. In
Section 4 we suppose that the elastic material has response fupctipren by (4.1) and we
show that only the cases= 1 and n= 2 give rise to nontrivial solutions fof (®) and the
latter case is described separately in the subsequent section. In the final section of the paper
we apply the solution (1.4) to the problem of the eversion of a thick-walled spherical cap and
certain complicated integrals for resultant forces are evaluated in the Appendices.

2. General equations for axially symmetric deformations

For isotropic incompressible hyperelastic materials, the axially symmetric deformation in
spherical polar coordinates,

r=r(R,0), 6 =6(R,0), ¢ =9, (2.1)
satisfies the incompressibility condition

R?sin®

—, 2.2
r2sing (2:2)

rrle — rebr =

where, as usual, subscripts denote partial derivatives. The equilibrium equations can be shown
to become

92 ¢1(.)l"(.) I"Sin29
— 2, _ 2, 76 —
pro= ¢1{Vr r<9R+R2)}+¢1RrR+ R? ¢2R25in2®’ 03
Po 2 2 rete $1e00 sinf cost '
= = Vo + — Or + —— 0 — ,
2 ¢1{ +r(i"R R+ >}+¢1R R+ ¢2stin2®
wherep is the pressure function anef is the Laplacian given by
, 02 293 1 9> cot® 3
Vo= — + + (2.4)

o2 T RoR T R2902 T RZ 90
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and the response functiogs and¢, are given by

5D E)> ED> 1\ 0%
=21 =421 =2{= I—=)—=1, 2.5
91 {811+ 812} ¢2 {311+< ,\4> 812} (2:5)

where X (11, I) is the strain-energy function of the material. Furthierand I, are the first
two invariants of the inverse Cauchy deformation tensor which are given by

1
I =1+ 22, L =\ + =

2 (2.6)
wherel anda are defined by
2 2 i
_ 2.7 of 2 9_® T sing
I =rg+ R2+r <0R+R2>, A_iRSin(E’ (2.7)
and in terms off andA, the response functiorfg and¢, as given by (2.5) become
X X
=2—, =2—. 2.8
¢1 i ¢2 532 (2.8)

We note that for prescribed; (I, ») and ¢»(1, .) we can determine the partial derivatives
90X /01, andoX /a1, from the relations (2.5) provided the Jacobian of (2.6) is finite.

For the neo-Hookean materig) = ¢, = n and it is simplest to show directly from (2.3)
that no non-trivial solutions exist fof (®). Assuming (1.3), we have

R\? /
rrp = — (7> ) re = ﬁ, (2.9)

where primes here and throughout denote differentation with respéxtdad it is a simple
matter to show that the incompressibility condition (2.2) is satisfied. For the neo-Hookean
material we have froni2.3)»

df
S A
3 rR? 3 r(=r34 23

Po =
which on integration yields
R
p(r,0) = 2u7 + wF*(r), (2.10)

whereF*(r) denotes an arbitrary function ef which in principle, is determined by substitu-
tion of (2.10) in the first equilibrium equation (2;3}hus

Pr 4 1S ) = 3 4 cotey + 67) — = <f2 + i) . 211)
dr r 9

Only in the casef (®) = constant does (2.11) reduce to a well-defined equation for the
determination off’*(r).
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In [3, 4, 5] it is shown that the integral
(Rrg +rfg) sin(@ — ®) + (rROr — rg) cOgH — ®) =0, (212)

together with (2.2), constitutes a second-order system of equations, every sotutiprof

which is a bona-fide solution of the fourth-order system defined by (2.2) and (2.3) for the
modified Varga elastic material which has a strain-energy function defined by (1.2). Moreover,
any solution of (2.2) and (2.12) has a pressure function given explicitly by

RO

p=— (2.13)

wherepg is a constant ang, andx are as defined above. From (1.3) and (2.12) itis a simple
matter to deduce

f =3ftan20, (2.14)

from which we may readily obtain the exact solution (1.4). In the following section we show
directly from (2.3) that this is the only nonconstant solution applying to the modified Varga
material.

3. Modified Varga strain-energy function

Given the derivation of (1.4) from the integral (2.12), it is natural to ask whether the full
equilibrium equations for the modified Varga elastic material admit a more gefiggal We

are able to demonstrate that this in fact is not the case and that there exist only two solutions,
namely (1.4) andf (®) = constant. From (1.3) and (2.7) we can deduce

2 A(®) r
I=—+hm ‘=g e
where the functiomA (®) is defined by
,2
A©O) = f2+ %. (3.2)

Now from the relationd = A2 + 13, A3 = A, we find that (1.2) becomes

21/2 21/2 1
E=a<<l+i> +)»—3>+,B<)\<I+X> +x—3>, (3.3)

and therefore from (2.8) we find that the response functigremde, are given by

_ (e + BN ¢ o B ( 2)”2 B

¢1—(1+—%)1/2, ¢2:—F+I+I I+I ~ 3 (3.4)

On introducingB(®) = A(®)~Y? we may deduce from the above relations

1/2 1
_ - - _ 2
(1 + )\) = Bk ¢1 = B(®)r2(aR + Br). (3.5)
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From (1.3) and using the above expressions for the response fungtoasd ¢, in the
equilibrium equations (2.3) and the relations

4

3r2’

R

2
PR = —D; (—) , Pe = —py + pr (3.6)

r

we can after an extremely tedious calculation show that the equilibrium equations reduce to

F(@)
qr = —(aR+ Br) ,

'F G(®
i Z(Rz)+<aR+ﬂr>’" ©) +pHE©),

(3.7)
ge = (R + Br)

whereF (0©), G(®) and H(®) are defined by

F(O)

(Bf") Bé” _3Bf -1,

3
G(®) = (Bf) +cot®Bf + Bf' — cot®, (3.8)
f cot®

H(@) = ? +COt®f - T,

and, where motivated by (2.13), we have introdugeatkfined by

qg=p+ ((pl;ﬁ). 3.9

From (1.4) and (3.8), it is a simple matter to show that F, G and H are identically zero, which
confirms (2.13). The question is, however, whether (3.7) admits a more gefi@al On
eqguating expressions fgkre We may deduce from (3.7)

(@R + Br)F' = (“R;# (Ff/ +Gf> (3.10)

which holds only if

Ff’

F'=0,
3

+Gf =0. (3.11)

Now from the definition ofB(®) we have

( 2] ) , (3.12)
and therefore

/' 1
<f+ ) = (3.13)
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On expanding the left-hand side of (3.14) and using (3.13) it is not difficult for us to show
from (3.8) that the following identity holds

F !/
é‘ +Gf = —m. (3.14)
and therefore we requirB’ = 0 andH = 0. From these two conditions we may deduce
B AV B /7 B /
( g) + ; cot® — 3Bf = vy, ?J: = cot® — Bf cot®, (3.15)

wherey is an arbitrary constant. By eliminatirg)f’ from these equations we obtain the linear
first-order ordinary differential equation f@f, thus

cot®(Bf) + 2(Bf) = —(y + 1). (3.16)

On integration and redesignating the two arbitrary constants endC,, we may eventually
deduce

B i
Bf =C1c08 + Cy, ?J: = —cot®(Cicos D + Cr, — 1), (3.17)

which by squaring and adding using (3.12) simplifies to give
(C1x + C2— 1)(C1x + Co, —x) =0, (3.18)

wherex here denotes cos®2 Clearly, there are only two possibilities, namely eitidgr= 0

andC, = 1 which corresponds t6(®) = constant, oC; = 1 and G = 0 which corresponds

to (1.4). Thus, at least for the modified Varga material, we have established that there are no
more general solutions for the deformation (1.3) other than (1.4)f&a@J = constant. In the
following section we attempt to find further materials which admit nontrivial deformations of
the form (1.3) by prescribing the form of the first response coeffighent

4. Elastic material with response function characterised by an index

In this section we suppose that the first response fungtids given by
2’1/»1/

¢l - (_I + %)’1/27

(4.1)

where the normalising constant is determined by the conditiotends tou as tends to
two and tends to unity. The form of this expression is motivated by the fact that2/A
has an ‘almost’ separable structure and therefgralso enjoys this feature. In addition (4.1)
includes both the neo-Hookean and Varga elastic materials o0 andn = 1, respectively.
From (2.8) and (4.1) we may deduce

2,,“ 1-n/2
T = 5 <I+X> + o), n#2,
(4.2)

2
X(I,A) = 21 Iog (1 + X) + Yo(A), n=2,
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where in both casesy (1) denotes an arbitrary function af We note that it is not immediately

clear from (4.2) as to the precise form of a properly invariant ‘simple’ strain-energy function

3 (A1, A2, A3), Which could give rise to such expressions. However, this does not necessarily
imply that such ax (i, A», A3) does not exist and as noted in the introduction, we could

if necessary deduce such3xIy, I) from (2.5) and (2.8) and using the relations (2.6) and
(1.5), but the result would be complicated and involve the roots of a cubic. For our purposes
Equation (4.1) is a simple assumption, which enjoys certain analytical advantages, and which
encompasses two standard materials. From4{2:&) (4.2) we may deduce

pr=—— +0o(), (4.3)

whereo (1) = 20 X/d1% and which for the time being we leave arbitrary. Now, on introducing
B(®) defined by

B(®) = A(®)™"/?, (4.4)

which coincides with that used in the previous section with 1, we may deduce from (3.41)
and (4.1)

¢ = 2" B(®) r?'R". (4.5)
From (1.3), (4.3) and (4.5) the equilibrium equations (2.3) eventually simplify to give

o (A
QR — _r2n—4RnC(®) _ 2(1’! _ 1)r2n—7RnB(®)l—2/n + G( ),
r

Q@ — r2n4Rn2f§C(®) + r2n—an72D(®) (46)

2 /
+3 (n — DrZ"R"2 ' B(®)1" — 2265 ()) (% + cot@) ,
A

where the function€ (®) and D(®) are defined by

_ B Bf'
C(®) = 3 + cot® 3 3nBf, 4.7)

D(®) = (Bf) +cotOBf + nBf,

and we have introduce@ andé () such that

1 $1 _ o)
0=15 (p—i— 7), G0y = 22 (4.8)

We comment that in the derivation of (4.6) we have made use of Equation (3.6) and we
exclude the case = 0 from the discussion. We also note that from (3.2), (4.4) and the
definition (4.7) ofC(®) and D(®) we can establish the important identity

f, _ p—2/n 1 /
C§+Df_B 1——)B +cot®B;. (4.9)
n
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On equating expressions f@ze Wwe may eventually deduce

—2/n

cf’ B
2t {R”C’ + (n— 2)R"—3Tf} +2(n — D(n — 2r>’ {R”—B’
n

+Rn3312/nf§} + {(n . 2)}"2n71Rn73 _ (2]’1 . l)r2n74Rn}D

1 (f d ,_
—— 1= cot®r —(A°a(r)) =0. 4.10
borga |+ Feot0) S6250) (@10
Clearly,n = 1 andn = 2 constitute special cases and the case?2 is considered in detail in
the following section. For = 1 we have for the Varga elastic material
2 1

EO()\.) = Z,u(k - 3), O’()\) = T, 5’()») = x, (411)

and Equation (4.10) yields simply

! cot®
R3C' + % + f cot® = — (4.12)

where we have utilised the identity (4.9) fer= 1. Equation (4.12) is in complete accord
with the results given in the previous section, nam@ly= 0 andH = 0, whereF and H are
defined by (3.8). In the remainder of this section we assurgel, 2.

Now on dividing (4.10) by-?*~7R*=3, we can group the terms not involviag 1) asR®, R®
or R, while the (1) term behaves like®2*/R"~1 which we can balance with the three
groupings in any of the following ways:

1’7172’1 r272n r

Rn—l’
which give rise to a multiple of only in the three special cases= 0, 1 and 2, which are all

excluded from the discussion. Accordingly, forz 0, 1, 2 we need to assume that the term
involving & () does not arise in Equation (4.10). This can be achieved either if

Lt feote =0 (4.13)

5-2n 5-2n 5-2n
6 r <

r 6

Rn—l’ r Rn—l’ R R5+n

’ ’

R2+n

orif 5 (1) = 0, /A%, whereoy is a constant. Assuming that one of these apply, we may readily
deduce the following equations from the terms involviR®y R and R°, thus

C' =30 — 1D,
f/ 372/11 ,
Cf, _ _ l—2/n£
f{ 3 +Df}_ 2(n —1)B 3

and the latter two equations are only consistent if

fB" _ Bf
no 3’

(4.15)
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which integrates to giv8 /3 = constant. Now on comparison of (4.9) and (4,8 obtain
an equation which can be readily integrated to yield

B(®) = By(sin®)"/ ", (4.16)
where By denotes an arbitrary constant. Thus, from the previous integral we have
f(©) = fo(sin®) =¥~ b, (4.17)

where f, denotes an additional constant. We observe that this expression coincides with the
solution of (4.13) only ifn = 2, so that for other values af we must haves (A) = op/A°.
However, from the definition oB(®) (namely Equations (3.2) and (4.4)) it is straightforward

to deduce that there are no valuesmofor which (4.16) and (4.17) are compatible, not even

n = 2 which excludes the option (4.13). Accordingly, for genargthere are no values giving

rise to non-trivial f (®). In the following section we present a detailed analysis of the special
casen = 2.

5. Results for the special case af=2

In this section we show that a non-trivial solution f6¢®) exists for the special cage= 2,

but we are not able to integrate fully the governing highly nonlinear ordinary differential
equation. We need to assume that #h@) term does not arise in the Equations (4.6) and
(4.10). This is the case eitherify(1) is a constant or if it is a constant times login either
case (4.10) becomes simply = 3D while (4.6) and (4.9) yield, respectively,

2R2 f/ 2f/

— _R%C - — —CL 4+ D34+ -l

Or ¢ r3’ Qo C3+ " +3r3’

f/ B/
C—+ Df =cot® + —, 5.1
3 +Df + 2B (1)
from which Q may be readily integrated to give
R3C :

O(R,©) = ——=+ Iog(r23|n®B(®)l/2> + 0o, (5.2)

whereQq denotes an arbitrary constant. Now frath= 3D and (5.1} we can, by integration,
obtain

Cf = 3log(sin®@B(®)Y?) + C4, (5.3)

whereC; denotes the constant of integration. Thus, from ¢dard (5.3) we may deduce the
highly nonlinear ordinary differential equation fg®), namely

B// B/
f{(f) f

3+ cot® 3 er} = 3log(sin®BY?) + C4, (5.4)

where in this cas®(®) as a function off and f’ is defined by

1

B(®) = ——.
© (f2+ f7/9

(5.5)
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Equations (5.4) and (5.5) constitute a well-defined second-order ordinary differential equation
for the determination off (®). At least in principle, for this particular response function, we
know there exists nontrivigf (®), perhaps involving three arbitrary constants. We can achieve
some minor simplification of (5.4) and (5.5) by introducinguch that

cosp f' sinp
=5 3= 3 (5.6)
in which case we have
— = —(p' +3)tan 5.7
58 (0" + 3)tanp, (5.7)
while (5.4) becomes
(sin®sin 2p) = 3sin® cos 2 + 6sin® log(sin®BY?) + (2C1 + 9) sin®O. (5.8)

However, such transformations appear not to be effective in terms of producing simple ana-
lytical solutions and further results can only be obtained numerically.

6. Application to the eversion of a spherical cap

The controllable deformation involved in turning a spherical shell inside out and due originally
to Green and Shield [6] is given by

r=(—R3+ K)Y3, 0=m—0, ¢ =, (6.1)

whereK is a constant. Namely, this deformation describes the eversion problem for a complete
thick-walled spherical shell, which is everted by means of a cut. For other contributions to this
problem, we refer the reader to Eringen [8, pp. 182—-185]. For a portion of a spherical shell,
a deformation of the form (1.3) is more likely to apply and the question arises as to whether
we might utilise (1.4), for example, to describe the ‘snap-buckling’ of a spherical cap which
is a familiar physical effect. For the majority of exact deformations which apply to particular
finite elastic materials, it is not usually possible to satisfy stress boundary conditions in a point
wise sense, and at best only approximate or ‘averaged’ stress conditions on the boundary can
be satisfied. In many instances such solutions lead to useful practical load-deflection relations
(see for example Klingbeil and Shield [9] and Hill and Lee [10]). We comment that in this
section we have retained the usual convention in finite elasticity of using the capital Jetters
and B to designate the inner and outer radii. There should be no confusion with the previously
introduced functionsi (®) and B(®) which are not required in this section.

From Appendix A and Equation (A12) we have that the resultant fértacting in the
z-direction, for the deformation given by (1.3) and (1.4), on a spherical cap of r&dargd
subtended by an angty is given by the expression

F* = 7 R?sin’ @g {a + 281 — por?}, (6.2)

wherea is defined by (3.1)thus

r 1 /3
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F*0.145]

0.14+ |

0' 135__ e -
10 20 30 40 K* 50

Figure 1. Variation of F /A2 with k* = k/A3 as given by (6.8) and (6.9) f@dg = /6 andB/A = 6/5.

whereé&, is as defined in Appendix A, namely, Equation (ALOMe observe that andg in

(6.2) are the material constants arising in the modified Varga strain-energy function (1.2), and
the limited experimental investigation given in [5] indicates that botmdg are positive and

that 8/« is approximately 115. We also note that the resultant for€é is quadratic in the
principal stretchh. Assuming for the time being that we may neglect the flat surfaice

of the spherical cap which we take to be defined by

{(R,O,®): AR B;0< O <0Bp;0< ® <21},

whereA and B here denote the inner and outer radii respectively, we can in principle determ-
ine the remaining unknown constaritsand pg such that the conditio™ vanishing on the

inner and outer spherical surfaces is satisfied, which would produce an approximate solution
to the snap-buckling problem. This implies that the values afthe inner and outer surfaces,
namelyi, and g are determined as roots of the quadratic equation

por2 — 2Bk —a =0, (6.4)
thus
2 1/2 _ (B2 1/2
hoa = B + (B + apo) ’ hp = B — (B + apo) , (6.5)
Po Po

and therefore

2 o
=L =2 (6.6)
po Po

It is clear that for positiver, 8, 1, and X these conditions are not compatible and therefore
at least for this particular material, the phenomena of snap buckling of a spherical cap is not
embodied in the deformation given by (1.3) and (1.4).
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Figure 2. Variation of F /ra A2 with k* = k/A3 as given by (6.8) and (6.9) féry = 7/6 andB/A = 3/2.

Deformed
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Undeformed

Undeformed

Figure 3. Actual deformation of the outer surface fBy A = 3/2 and ¥ = 8.

Alternatively, we can suppose that the resultant far¢evanishes on one of the spherical
surfaces and is prescribed on the other, thus

F*(A) =0, F*(B) = F, (6.7)
in which case we may deduce
7 B?

F = —5=sin’ ©o(a = Ap){@(ha + hp) +2B3aks), (6.8)
A

noting thati, > XAy sinceA(R) is monotonically decreasing. Figures 1 and 2 show the
variation of F/wra A% with k* = k/ A3 for ®¢ = 7 /6 and for two values oB/A and assuming
that8/a = 1/15. It is clear from these figures that, as noted previouslgan never be zero
and that for any giver# there are two possible valuesifFurther, in this context , anda g

are given by

(6.9)

k*(cos ) ~%/2 )1/ 3
S VA | ,
53

Aa = (K*(COSBg)¥2 -3 ap = (

wheres denotesB /A and the actual deformation of the outer surface is shown in Figure 3 for
the caseB/A = 3/2 andk* = 8.

We note that from Equation (B7) of Appendix B, as expected, the resultant (bexing
in the conventional z-direction on the slanting surface given originallpby ®, becomes,

G* = —7 Sirf Og{ B%(a + 2BAp — por3) — A%(a 4 2B — por3)), (6.10)
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and therefore in this instan€&* = — F whereF is given by (6.8). This, of course, is necessary
in order that there are no net forces acting on the cap.

7. Concluding remarks

For the perfectly elastic incompressible modified Varga material, we have determined a new
simple exact solution which corresponds to the eversion of a portion of a thick-walled spher-
ical shell. We have demonstrated that for this particular strain-energy function, there does not
exist a more general solution of this type. We have also investigated such deformations for
a family of response functions which are characterised by an indaxd we have shown

that other than the Varga material, only that for= 2 admits a nontrivial deformation of

the type examined here. We have attempted to utilize the new solution to solve the familiar
problem of the snap-buckling of a portion of a spherical shell, but unfortunately our solution is
not sufficiently general to accommodate the necessary stress boundary conditions, even when
these are replaced by average force requirements. Instead we have used the solution for the
problem of the eversion of a spherical shell, under no applied forces acting on one of the
spherical surfaces.

Appendix A. Calculation for resultant force on the spherical surface of a cap

As described in Hill [7], the resultant forc&* acting in the conventionat-direction on
a spherical cap of original radiu8 and subtended by an angi®,, may be shown to be
determined by the expression

C)
F*=2n / [—prsind(rsind)e + R?sin®¢; (r cosh) ] dO, (A1)
0

wherep is the pressure function arising in the equilibrium equations (2.3)arid the first
response function defined by (2.5Now for the axially symmetric deformation (1.3) for the
modified Varga materialf (®) is given by (1.4), while the pressure functipris determined
from (2.13) and we find that (A1) becomes

Cl) 4
F* =21 / {[—po + (¢>1)L_+;8)} r(rsin®)g + ¢1R—2 cos@} sSin® do. (A2)
0 r

We choose to express this integral in the following manner,
F* = F} + F} + F3, (A3)

whereF;, F; andF3, are taken to be

[O})
Ff::—qu/ rsin®(rsin®)g dO = —mpo(—R3 + f(©0)%3sir? O,
0

%0 ¢,

Ff = 27R —{(=R®+ f)cos® + fsin®@tan 20+ R*cosO}sin®dO,  (Ad)
0 r

[S}) 1
Ff = ZnﬂR/ S{(—R®+ f)cosO + fsinOtan 26} sin® dO,
0 r
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where we have utlilised (2.14). Now;" is trivial and has been evaluated immediately, while
F3 can be shown to become

%0 ¢

F; =7nR — ftan26do,
r

0
which on use of (3.5)gives simply
®o

F; =7nR (xR + Br)sin 20dO, (A5)
0

where we have useB(©) = k~1(cos 29)%2. Part of (A5) integrates immediately, while for
the remainder we make the substitutibr= cos 29 to obtain

R [t
Fj = maR?sir? ©g + %/ (—R3 + ku=¥»Y3dy, (AB)
uo

whereug denotes cos@y. Now F3 simplifies to give

©o f sin20
F} =npR —R3 4+ —— do,
s =7h /0 { T Cos® } r2

which becomes

nBR* [t du 7BR [* ku=>? du

F; = ,
3 2 Juy (—R3+ ku-3/278 + 2 )i (—R®+ ku-3/2)23

and on making the substitutiom = ku~%? in the second integral, we can perform the
integration to yield

Fj = nBR{(—R®*+ f(©)® — (—=R*+ K3

R* 1 d
_77:3 3 - -3/2)2/3" (A7)
2 wy (—R>+ku )
Thus altogether we find thdt* becomes
F*
— = —pord sin? ©g 4+ aR?sir? ©g + BRro — BR(—R> + k)3
1 d R [} ku=3/2d
—,3R4 i + ;3_ u u (A8)

o (—R¥+ku=3223 " 2 | (“R3+ ku=3/2)23
wherery denotes(—R2 + f(©p))Y3. On making the substitutiod = Ru'/?2/k® we may
eventually deduce
F* . .
— = —porgsif ©g + aR?sir? O + BRro — BR(—R> + k)3
T

RIEP (1 - 26%)d
2/3
e #9)
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whereg, denoteskug/ >/ kY3, namely R (cos 290)Y/2/ k*/3. Thus with the notation
fo= Rug /K3, &1 = R/KY®, (A10)
0

Equation (A9) simplifies to yield

F*  A—uo) [ po,. .32 L-&)'  a-g)®
TR2 2 {a 502(1 %) } +h { &o &1
B[ (1—28%)dk
T2 ), a—eyn (A
For the integral in (A11) we have
/ Haess S Ve o M a9
o (1_53)2/3 B éo dé ’
which on integration, yields altogether
Fr o A=) A-&)7°
7 R2 —(l—uo){z—i—ﬂ o — Po 27 , (A12)

and this is the required expression for the resultant fartecting in thez-direction on a
spherical cap of radiuR and subtended by an anghs.

Appendix B. Calculation for resultant force on the slanting surface of a cap

The resultant forceG* acting in the conventionat-direction on the slanting surface of a
spherical cap, which is subtended by an angleis calculated as follows. In terms of the
Cauchy stress vectof and the first Piola—Kirchoff stress vectgrwe have

dG* = (t' cost — rt*sing) da = (t; cosd — rtg sind)dA, (B1)

where A and & represent elementary undeformed and deformed areas and in partid¢ular d
is given by

dA = Rsin®dR do. (B2)

Now the slanting surface subtended by an artgleas normal vectonz = (0, R, 0) and in
terms of the Cauchy stress tensérand the first Piola—Kirchoff stress tens@ we have

lljé = tf‘inRK = XftijnRK, (B3)
so that on making use of

r2sing r2sing

®r = T 5 i~ ’ = 5o -~ ’
R2sin® ¢ ¢ R25|n®rR

(B4)
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and the expressions given in Hill [7] for the Cauchy stress tensor, we may deduce from the
above equations

B
G*=2n / [prsinf(r sind) g + sin®¢4(r cosh)e]dR, (B5)
A

noting that thed integration can be performed directly.

In particular, for the deformation given by (1.3) and (1.4) for the modified Varga material,
the pressure functiop is given by (2.13) where; is determined from3.5), and from (B5)
we may obtain

B 2
G* = —2m sir? ®/ [aR +B(rR)g + poRT} dRr, (B6)
A

which can be readily integrated to yield
G* = —m Sirf ©{a(B? — A?) + 2B(Brg — Ary) — po(rs —r?)}, (B7)

wherer, andrp denote the values aof evaluated aR = A andR = B, respectively. From
this equation, fol® = ©g, we can readily deduce (6.10) wherg and 1 are defined by
(6.9).
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